CESARO OPERATORS ON THE HARDY SPACES OF THE 

HALF-PLANE 



ATHANASIOS G. ARVANITIDIS AND ARISTOMENIS G. SISKAKIS 
Abstract. In this article we study tiie Cesaro operator 

c{f){z)=- r fiodc 

^ Jo 

and its companion operator T on Hardy spaces of the upper half plane. 
We identify C and T as resolvents for appropriate semigroups of com- 
position operators and we find the norm and the spectrum in each case. 
The relation of C and T with the corresponding Cesaro operators on 
Lebesgue spaces L''(R) of the boundary line is also discussed. 



1. Introduction 

Let U = {z € C : Im(z) > 0} denote the upper half of the complex plane. 
For < p < oo, the Hardy space HP{\]) is the space of analytic functions 
/ : U ^ C for which 

\\f\\HP{V) = sup( / \f{x + iy)\Pdx) " < oo. 

For p = oo we denote by (U) the space of all bounded analytic functions 
on U with the supremum norm. 

The spaces //^(U), 1 < p < oo, are Banach spaces and for p = 2, H'^(\]) 
is a Hilbert space. For the rest of the paper we use the notation ||/||p for 



\HP{V)- 

Let 1 < p < oo and suppose / € H^{\J). Then / satisfies the growth 
condition 

(1.1) \fizW<^, zeU, 

where C is a constant. Further the limit liuiy^Q f{x + iy) exists for almost 
every x in M and we may define the boundary function on M, denoted by 
/*, as 

f*{x) = \un f{x + iy). 
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This function is p-integrable and 



(1.2) 




Thus HP(V) can be viewed as a subspace of LP(M). For more details on 
Hardy spaces HP{V) see [DH], [Ga], [Ho] . 

For / G LP(]R) the well known Cesaro transformation is defined by 



for X G M, with an appropriate convention if x = 0. This defines a bounded 
operator on LP(R) for p > 1 [BHSj . In particular if /* E LP(R) is the 
boundary function of / E H'^{V) the question arises whether the transformed 
function C(/*) is also the boundary function of an / G HP{V). 

In this article we consider the half-plane version of the Cesaro operator, 
which is formally defined 



It turns out that this formula defines an analytic function on U for each 
/ € HP(V) and the resulting operator is bounded on HP{V), p > 1. In 
addition the companion operator 



is also shown to be bounded on HP{\]) for p > 1. We find the norm and 
the spectrum of C, T and we show that, for the boundary functions, we have 
C{f)* = C(/*). The whole discussion is based on the observation that C and 
T can be obtained as resolvent operators for appropriate strongly continuous 
semigroups of simple composition operators on HP(V). 



and for 1 < p < oo, the corresponding weighted composition operators on 



(1.3) 






2. Related semigroups, strong continuity. 



For each t € M consider the analytic self maps of U 

(j)t{z) = e"*z, z eV, 



HP{1]) 



t 



For / G HP{V) we have 




= e * sup 

y>0 
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thus each Tt is an isometry on i7^(U). Further it is easy to see that the 
family {Tt} satisfies TtTs = Tt+s for each t, s G M and Tq = I the identity 
operator, so {Tt} is a group of isometrics. We will use this group or the 
positive and negative semigroups {Tt, t > 0} and {T_(, t > 0} in our study 
of the operators C and T- 

Proposition 2.1. For 1 < p < oo the group {Tt} is strongly continuous on 
HP{U). The infinitesimal generator T of {Tt} is given by 

r{f){z) = -zf'iz) - -fiz), 
p 

and its domain is D{T) = {/ G ^^(U) : zf'{z) G HP{V)}. 

Proof. For the strong continuity we need to show 

(2.1) Jim \\Ttif) - fWp = lim He"^/ o 4>t - f\\p = 

for every / G i/^(U). Given such an / consider the functions 

fsiz) = f{z + is), s>0. 
It is easy to see that fs G HP{V) for every s and we have 

\\Ttif) - f\\p < \\Ttif) - Tt{fs)\\p + WTtifs) - fsWp +\\fs- fWp 

< {\\Tt\\ + l)\\fs- f\\p+ WTtifs) -fsWp 

_t_ 

= 2||/s - /lip + ||e p fsO(t>t- fsWp- 

Now it is clear that the boundary function of fs{z) is f{x + is) and the 

— - / — - 

boundary function of e ^ fs{^ z) is e p f{e x + is) for all x G M. Since 

/oo 
\f(x + zs)-f*{x)\Pdx^O, 
-oo 

as s — > (see for example jPul Theorem 11.4]), it suffices to show 

lim ||e pfsO(t>t- /slip = 
for each s. For a fixed such s and a > (to be specified later) we have 

||e p fs ° 4>t - fsWp = / |e pf{e x + is) - f {x + is)\'p dx 

= \e pf{e X + is) — f{x + is)f dx 

J —oo 

/■^" -* 

+ / |e p/(e X + is) - f {x + is)\P dx 

J -2a 



CO 



+ / |e pf{e X + is) — f{x + is)\P dx 

J2a 

-- hit) + hit) + hit). 



4 ATHANASIOS G. ARVANITIDIS AND ARISTOMENIS G. SISKAKIS 

To estimate the integral Ii{t) we use the standard inequahty 

|e"i/(e-*x + is) - f{x + is)\P < 2P(e-*|/(e"*x + is)\P + \f{x + is)\P) 
and the change of variable u = e~*x to obtain 

\f{u + is)\Pdu + 2P / \f{x + is)\Pdx 

-oo J — oo 

J — oo 

valid for < t < log 2. An analogous estimate for l3{t) gives 

POO 

m<2P+' / \f{x + is)\Pdx, 

J a 

for < t < log 2. 

Let e > be given. Since fs G ff^(U) we can choose a > such that for 
< t < log 2, 

hit) + hit) < 2P+^ [ \fix + is)\Pdx <e. 

jR\[-a,a] 

We now deal with the second integral hit)- Using the growth estimate (jl.ip 
we have 

|e"t/(e~*x + is) - fix + is)\P < 2P|e~p/(e-*x + is)\P + 2P|/(x + is)\P 

< y(^ \\e-hie-'x + is)\\P ^ ^,^ \\fix + is)rp 
~ Im(e~*x + is) Im(x + is) 

~ s s 

s 

This says in particular that |e p fie x + is) — fix + is)\P is a uniformly 
bounded function of x on the interval [—2a, 2a] for each t > 0. Since this 
function has pointwise limit as t — >• 0, an application of Lebesgue's domi- 
nated convergence theorem gives 

lim / |e p/(e x + is) — fix + is)\P dx = 0. 

J -2a 

Putting together all previous estimates we conclude limt^o Whif) — fWp = 
and the strong continuity follows. 

By definition the domain -D(r) of F, consists of all / G H^iV) for which 



t 



the limit lim^-^o ^ exists in //^(U) and 

t->-0 I 
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The growth estimate (II. ip shows that convergence in the norm of H^(V) 
impUes in particular pointwise convergence, therefore for each / € D{T), 

r(/)M = ii,„ /''^'-";'-^'-' 

i^O t 

= -zfiz) - -f{z). 

p 

This shows that D{T) C {/ g HP{U) : zf'{z) € HP{V)}. 

Conversely let / G HP{V) such that zf'{z) € H^iV). Then we can write 
for z G U, 



Ttif){z)-fiz)= r^(e-F/(0,(z))) ds 





P 
Ts{F){z)ds, 





where F{z) = —zf'{z) — ^f{z) is a function in HP{1]). Thus 



lim^*^:^^ ^ = lim- f^Ts(F)ds. 

t^o t t^o t Jq 



From the general theory of strongly continuous (semi)groups, for F G HP{V) 
the latter limit exists in HP{\]) and is equal to F. Thus 

This says that D{T) 5 {/ G HP{V) : zf'{z) G ^^(U)} completing the 
proof. □ 



Remark. An immediate corollary of the previous proposition is that the 
two semigroups {Tt, t > 0} and {r_j, t > 0} are strongly continuous on 
HP(V) and their infinitesimal generators are F and — F respectively. 

Lemma 2.2. Let < p < oo and A G C, then 

(i) ex{z) = z^ i HP{1]). 

(ii) hx{z) = {i + z)^ G ^^(U) if and only if Re{X) < -i. 

Proof. This can be proved by direct calculation of the norms. We give an 
alternative argument involving the following well known characterization of 
membership in the Hardy space of the half plane. For a function / analytic 
on U, 

/ G HP{V) if and only if € HP{B), 
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where il^{z) = ij^, a conformal map from the unit disc D = {[zj < 1} onto 
U, and is the usual Hardy space of the disc. We find 

(2.2) ^'{zy/Ph,{4^{z)) = , 

(1 

and 

(2.3) ij'iz)^/PeMz)) = C2-^1±4^, 

(1 -z)p+^ 

where ci,C2 are nonzero constants. 

Next recall that if is a complex number, (1 — z^ G HP{I}) if and only if 
Re(z^) > —1/p (this follows for example from [Put page 13, Ex. 1]). Applying 
this to ([221) we obtain hx G HP{1]) if and only if Re(-| - A) > -l/p and 
this gives the desired conclusion. 

In the case of ex, the right hand side of ()2.3p belongs to HP(I}) if and only 

if both terms (1 + z) and (1 — z) p belong to i^^(D), because each of the 
two terms is analytic and nonzero at the point where the other term has a 
singularity. Thus for ex to belong to i/^(U), both conditions Re(A) > —l/p 
and Re(— I — A) > —l/p must be satisfied, which is impossible. □ 

For an operator A denote by (T^(A) the set of eigenvalues of A, by cr{A) 
the spectrum of A and by p{A) the resolvent set of A on HP{V). 

Proposition 2.3. Let 1 < p < oo and consider {Tt} acting on HP{V). 
Then: 

(i) 0"7r(r) is empty. 

(ii) a{V) = zM. 

In particular T is an unbounded operator. 

Proof, (i) Let 7 be an eigenvalue of T and let / be a corresponding eigen- 
vector. The eigenvalue equation r(/) = 7/ is equivalent to the differential 
equation 

^/'(^) + (7+-)/(^)=0. 
p 

The nonzero analytic solutions of this equation on U have the form f{z) = 
cz ^'*^^p^ with c 7^ 0, which by Lemma 12.21 are not in H^iV). It follows that 

<T.(r) = 0. 

(ii) Because each Tj is an invertible isometry its spectrum satisfies 

a{Tt) C aiD). 

The spectral mapping theorem for strongly continuous groups ( [Pa| Theorem 
2.3]) says 

et-(r) (Za{Tt). 

Thus if G cr(r), then e*"" G 5D, so that a{T) C iR. We will show that in 
fact o-(r) = iM. 



CESARO OPERATORS ON THE HARDY SPACES OF THE HALF-PLANE 7 

Let /i € iM and assume that fi G /o(r). Let A = + ^ and consider the 
function 

h{z) = iX{i + z)-^-\ 

Since Re(— A — 1) = — 1 — 1/p < —1/p, this function is in HP{\]). Since 
fi G p{r) the operator = {n - T)'^ : i?P(U) ^ i/P(U) is bounded. 
The image function g = Rfj,{fx) satisfies the equation (// — T){g) = f\ or 
equivalently, 

{^,+ -)g{z)+zg'{z)=fxiz), z G U. 
P 

Thus g solves the differential equation 

\g{z) + zg'{z) = iX{i + zy^-^, zGV. 
It is easy to check that the general solution of this equation in U is 

G{z) = cz~^ + {i + z)~^, c a constant. 
Using the notation of Lemma 12.21 we find 

ci + CC2(1 + z)-^ 



{i^'{z))'/PG{i^{z)) 



(1 



where ci,C2 are nonzero constants. This last expression represents an an- 
alytic function on the unit disc which however, by an argument similar to 
that in the proof of Lemma [2.21 is not in the Hardy space HP(0) of the unit 
disc for any value of c because Re(A) = 1/p. Thus G{z) is not in H^iJ]) 
for any c and this is a contradiction. It follows that cr{T) = zM, and this 
completes the proof. □ 

3. The Cesaro operators 

It follows from the above that when 1 < p < oo the point Xp = 1 — 1/p is 
in the resolvent set of the generator T. The resolvent operator R{Xp,T) is 
therefore bounded. Let / G HP{II) and let g = R{Xp,T){f). It follows that 
(Ap — T){g) = / or equivalently 

(1 - l/p)g{z) + zg'(z) + il/p)g(z) = f{z). 

Thus g satisfies the differential equation 

g{z)+zg'{z) = f{z), z G U. 

Fix a point w on the imaginary axis. Then 



zg{z)= r f{C)dC + c, 

J w 



zeV, 



with c a constant. Now let z = iy ^ along the imaginary axis. Since 
g G HP{V) with p > 1, the estimate implies that zg{z) therefore 

.0 

c = - / fiOdC 
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(the existence of this integral is also a consequence of (ll.lj) ). It follows that 
the integral of / on the segment [0, z] exists and we have 

g(z)=R{\p,T){f ){z) = - r fiOdC. 

^ Jo 

Theorem 3.1. Let 1 < p < oo and let C be the operator defined by 

C{f){z) = - r fiOdC, feHP{i]). 



Then C : i?P(U) HP{V) is bounded. Further 

\\C\\ = ^ 
p — 1 

and 

a(C) = {^.GC:|u;-^^| = ^^}. 

Proof. As found above, for 1 < p < oo, 

C = R{Xp,T), Ap = 1 - 1/p G p(r). 
The spectral mapping theorem \DS\ Lemma VII. 9. 2] gives 

a{C) = {-^:zea{r)}U{0} 

Ap — Z 

= {— — i :r€M}U{0} 

1 — 1/p — zr 

= w € (L : \w -, = — Y, 

giving the spectrum of C on /7^(U). 

Since the spectral radius of C is equal to — 1) it follows that 

licil > 

p — 1 

On the other hand we can apply the Hille-Yosida-Phillips theorem to the 
group {Tt} of isometries |DSl Corollary VIII. 1.14] to obtain 

||C|| = ||i?(Ap,r)||<-^ = -^, 

p 

and the proof is complete. □ 

Remark. It follows from Lemma (|2.2p that h(z) = (i + z)^'^ belongs to 
H^{\J). The transformed function + z)~^ = ^ h{(^) dC, is analytic on 
U but does not belong to H^{V). Thus C does not take i7^(U) to ^^(U). 

We now consider the negative part {Tt : t < 0} of the group {Tt} and we 
rename it {St}. That is, for / G HP{\]), 

St{f){z) = eh{<P-t{z)) = ehie'z), t > 0. 
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It is clear that {St} is strongly continuous on H^{\]) and that its generator 
is A = — r. It follows from Proposition 12.31 that 

cr(A) = iR, a^{A) = 0. 

Let fip = € p{'^)^ ^-iicl consider the bounded resolvent operator R{fip,A). 
Let / G HP{1]) and let g = R{fip, A){f). Then /j^pg — A(g) = f or equiva- 
lently 

zg'iz) = -f{z), z G U. 
Fix a point a € U, then we have 

g{z) = - r ^dC + c 

J a S 

with c a constant. Now let z — > oo within a half-plane lm{z) > 6 > 0. Then 
g{z) \Du[ Corollary 1, page 191], thus the following limit exists and 
gives the value of c, 

Urn rf^c 



w—>oo 

lm(w)'>6 



We therefore find 



c 



lim / ^dC. 



Im{i(j) > (5 



We now show that the above limit exists unrestrictedly when it; ^ oo within 
the half-plane U. Indeed for (5 > we have, 

/(c) r+^'/(c) r /(c) ,^ , 

dC = / — — aC+ / aC = <Ao + Jio- 



C J z C Jw+iS C 

With the change of variable ( = w + is5, < s < 1, we have 

Jq \w + isd\ 



6 /-i 

< -- / |/(tf + fs(5)l(is 

Fi Jo 

I rv+S 
= r~\ \f{x + iu)\du, 



where w = x+iy and u = y + s6. For p = 1 the Fejer-Riesz inequality for the 
half-plane |Dut Exercise 6, page 198] implies, through the last inequality. 



1 f°° 1 

Iw\ < — r / \f(x + iu)\du<— — rllflli^O, as t(; — )• cxd, 
~ kl Jo ^1 - 2\w\ " 
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while for p > 1, the growth estimate (ll.ip gives 



1 



y+S 



\Iw\ < Cp 1^1^ J U V duj ll/llp 

(y + 

<Cp |^[ II/IIp^ (l/g = -l/p + l), 



Thus in ah cases /,,, and we have 



w 

w 



/(C) 

hm / — — dC, = hm + hm ly^ = g{z) 

■u)— >oo J ^ Q w^oo ui— >oo 

i.e. the unrestricted hmit exists. For this reason we can write 

9i^) = / — ^^C- 



C 

Theorem 3.2. Let 1 < p < oo and let T be the operator defined by 

nf){z) = l°"^dC, feHP(V). 

Then T : HP{V) HP{V) is bounded. Further 

\\r\\=p, 

and 

a{T) = {weC:\w-^\ = ^}. 

Proof. As found above we have 

r = Rifip,A), i2p = l/pe piA). 
From the spectral mapping theorem we find 

a{T) = {-^:zea{A)}U{0} 

Hp z 

= { -,/ . :r€M}U{0} 
1/p — ir 

= {w eC : \w - -\ = -}, 

giving the spectrum of T on HP{V). 

Since the spectral radius of T is equal to p it follows that 

lirii >p. 

On the other hand we can apply the Hille-Yosida-Phillips theorem to the 
semigroup {St} of isometries to obtain 

iini = \\R{pp,A)\\ <-^=p^ 

and the proof is complete. □ 
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Suppose now 1 < p < oo and let q be the conjugate index, l/p + l/q = 1. 
Recall the duality (ff^(U))* = H'^{V) which is realized through the pairing 

/oo 
nx)g*{x) dx. 
-oo 

For the semigroups Tt{f){z) = e pf{e z) and St{g){z) = eig{e z) acting 
on HP{\]) and H'^{V) respectively we find 

{Ttif),g) = / e--pne-'x)g*{x)dx 

J — oo 

(3.2) = / f*{x)e^g*{e^x)dx 

J — oo 

= {f,St{g)). 

Thus {Tf} and {St} are adjoints of each other. From the general theory 
of operator semigroups this relation of being adjoint, on reflexive spaces, is 
inherited by the infinitesimal generators and subsequently by the resolvent 
operators [Pal Corollaries 10.2 and 10.6]. It follows that C and T are adjoints 
of each other on the reflexive Hardy spaces of the half-plane. 



4. Boundary correspondence 



We now examine the boundary correspondence between C and its real line 
version C, as well as between T and the corresponding real line operator T 
defined on LP{R) by 



T(/)(x) 



r^i^du, x<o, 

J — oo u ' " 



while T(/)(0) can be chosen arbitrarily. It is well known (and easy to prove) 
that T is bounded on L^(]R) for p > 1. 

Theorem 4.1. Consider the operators C, T on the Hardy spaces H^iV) and 
the operators C, T on the spaces L'p(R). Then 

(i) Forl<p<oo and f e H'p{V), 

C(/)* = C(r). 

(ii) For 1 <p < oo and f G HP{V), 

Tifr = Tin- 

Proof, (i) For / € HP(V) and 6 > consider the function 
fs{z) = f{z + i6), lm{z)>-5. 
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It is clear that fs G H^(V) and = fsix), and we have 

-c(r)iiiP(M) < \\c{fr-c{fsrh.(M) + wcifsr-cimh.iR) 

+ iic(/;)-c(r)iii,(M) 

< (l|C|| + ||C||)||/5 - fWnnv) + WCifsT - C(/;)||lp(r). 

We can make Wfs — f\\HP{i]) smah as we wish by choosing 6 close enough 
to 0. Thus in order to prove that = C(/*)(x) a.e. on R, it suffices 

to show C(/5r(x) = C(/|)(x), i.e. 



c{fsnx) = - r r5{u)du 

X Jo 



for almost all x. Now for z = x + iy (zV, since fs{z) is analytic on {Im(z) > 
—S}, its integral on the segment [0,2:] can be obtained by integrating over 
the path [0, x] U [x, z], so we have 

C{fs){z) = - r fsiOdC 
z Jo 

= - I fs{OdC + - [ fsiOdC. 

Z J[0,x] ^J[a;,2] 

If X j^O then clearly the limit of the first integral as y — )■ is 
lim i / fs{OdC = - r fsiu)du. 

2/^0^ J [0,x] X Jo 

The limit of the second integral vanishes. Indeed since / G HP(JJ), f is 
bounded over every half-plane {z : Im(z) > 6} and we find 



therefore 



sup 1/5(01 < sup \fiz)\=M<oo, 



I- / fsiOdClK—i sup \fsiO\)y<—y 

^ J\x.z] F C€\x.z] F 



'[x,z] Fl (;e[x,z] 

as y — )■ 0. It follows that 

1 1 f'X 

CifsTix) = \imC{fs){z) = - / fs{u)du = - / f^{u)du 

2/-^0 X Jq X Jq 

and the proof of (i) is complete. 

(ii) We argue as in part (i) and use the same notation. If / G H^{V), 1 < 
p < oo, let fs be defined as in part (i). Using the triangle inequality as in 
part (i) we see that it suffices to show that for almost all x, 

r(/,r(x) = T(/;)(x). 

Let z = x + iy gU with x > (the case x < is similar), choose s > 0, and 
consider the path [z, x] Li [x, x + s] Li [x + s, z + s{l + i)] as an alternative 
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path of integration to obtain 
nf5){z)= lim / i^dC 



C \Jx C Jx+s C 

For the first integral inside the hmit it is clear that 

^^°°Jx C Jx U 

Write I{s) = f^^g^^'^^^ JlKl the second integral inside the limit, then 







X + s + it 



7o |a:-|-s + it| 

< / \fs{x + s + it)\dt. 

X -\- S Jq 

If p = 1 then the Fejer -Riesz inequality for the upper half-plane gives 

i-y+s t-oo 1 1 

\f5{x + s + it)\dt< \fs{x + s + it)\dt<-\\fs\\i<-\\f\\u 
thus I{s) < 2{x+s) 11-^ 111 ~^ as s — )• oo. If p > 1 then using we obtain 

/y+s t-y+s 
\fs{x + s + it)\dt<Cp\\fs\\p -^dt 

<C'\\fUy + s)--^^\ 



1 



which implies /(s) < C;||/||p^^±^y ^0 as s — 7- oo. We have shown 

Jz C Jx U 

for each z = x + iy & Taking the limit of the above as y — >■ we find 

T{hnx)= l^du = T{n){x) 



1 



and the proof is complete. □ 

As a consequence we have the following 

Corollary 4.2. For 1 < p < oo let Hp be the closed subspace of L^iM) 
consisting of all boundary functions f* of f £ HP{U). Then C{T-Lp) C T-Lp for 
1 < p < oo, and T(?^p) C H-p for \ < p < oo. 
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